Fuzzy fractional differential equations with fuzzy coefficients are analyzed in the frame of Mikusiński operators. Systems of fuzzy operational algebraic equations are obtained, in view of the definition of fuzzy derivatives. Their exact and approximate solutions are constructed and their characters are analyzed, considering them as the corresponding solutions of the given problem. The described procedure of the construction of solutions is illustrated on an example and the obtained approximate solutions of the considered problems are visualized by using the GeoGebra software package.
Introduction
In this paper we consider the fuzzy fractional differential equation for arbitrary β 2 , β 1 : 1 < β 2 < 2, 0 ≤ β 1 ≤ 1, 0 ≤ λ ≤ 1, t > 0, and with corresponding initial conditions. In (1.1) x and f are fuzzy functions and A is triangular fuzzy number. The fuzzy fractional derivatives of function x by t are considered in the Caputo sense and Hukuhara difference.
In this paper the exact and the approximate solutions of the equation (1.1) are constructed, by using the fuzzy Mikusiński operators introduced in [24] . By using the package GeoGebra the obtained solutions of the considered problem are visualized.
In the paper [22] the solutions of fuzzy fractional differential equations were constructed in the sense of Riemann-Liouville H-differentiability by using the fuzzy Laplace transform. In the paper [14] the authors solved fuzzy fractional (also in the sense of Riemann-Liouville H-differentiability) initial value problem by using a modified fractional Euler method. We also construct the approximate solution taking finite sums instead of infinite ones and we analyze the convergence of the fuzzy functional series.
Moreover, methods from the fuzzy theory have been used to develop FFOPID controlers [25] and to solve fractional integral equations [1] . Many applications have been developed based on fractional calculus [19, 7] . In the paper [6] the authors constructed the approximate solution of fuzzy differential equations in the sense of Caputo H-differentiability by using the Legendre polynomials.
In Section 2, we give some notations and notions from the Mikusiński operators, the fuzzy and fractional calculus. The convergence of fuzzy functional series is considered in order to determine the solutions of fuzzy fractional differential equations corresponding to the problem.
In Section 3 the Mikusińki fuzzy operators are introduced as in the paper [24] . Here, the fuzzy fractional differential Mikusiński operators are introduced in the sense of the definitions of both fuzzy differential and fractional derivatives.
In Section 4 systems of operational algebraic equations are studied in the sense of the definition of fuzzy derivatives. The exact and the approximate solutions of a system are constructed and the exact and approximate solutions of the equation (1.1) are considered, with the corresponding conditions. The solutions of other systems can be constructed and analyzed similarly.
In Section 5 the whole procedure is explained on an example. The exact and the approximate solutions are constructed and visualized by using the package GeoGebra for different values of β 1 and β 2 .
Notions and notations

Some elements of the Mikusiński calculus
The elements of the Mikusiński operational field (see [15] , [16] ), denoted by F , are operators of the form: f g , where f and g ≡ 0 are continuous functions with supports in [0, ∞). The last division is considered in the sense of convolution:
The set F (with the usual addition) is a commutative ring without unit element.
The most important operators are the integral operator representing
, the differential operator s, and I, the identity operator, i.e., s = I. Neither s nor I are operators which do not represent continuous function. In the theory of differential equations the relation connecting the operator representing the n-th derivative of an n times derivable function a = a(t) with the operator a is essential:
The fractional calculus
The Riemann-Liouville fractional integration operator J β of order β > 0 is defined by the convolutional-type operator:
The Caputo fractional derivative ( [5] ):
0 < β < 1, and t > 0, is usually used, as more suitable for applications to problems with initial and boundary conditions (see [9] , [10] , [12] , [13] , [18] , [20] , [21] ) and therefore we shall use it in this paper.
Fuzzy calculus
The fuzzy set theory was introduced by Zadeh in [26] . In this paper the fuzzy numbers are considered ( [23] , [4] ) in parametric form as u λ = (u 1 (λ), u 2 (λ)), 0 ≤ λ ≤ 1 where the functions u 1 and u 2 satisfy the following: 
are defined in the following way
(2.5)
where
(2.7) The Hausdorff distance of fuzzy numbers u and v is defined as:
where E is the set of fuzzy numbers, has a parametric representation ( [23] , [4] ):
The following theorem from [3] is very important for our further considerations:
(
1) f is (i)-gH-differentiable at t if and only if:
D 1 1 f (t) = (f 1 (t, λ), f 2 (t, λ)), f 1 (t, λ) ≤ f 2 (t, λ), δf 1 (t, λ) ≥ 0, δf 2 (t, λ) ≤ 0, (2) f
is (ii)-gH-differentiable at t if and only if:
The switching point c ∈ (a, b) is the point where the gH differentiability is changed (see [3] ).
Using the previous theorem, the second fuzzy derivative of a fuzzy func-
(1) If the first derivative is of form λ) ), then the second derivative is of the form
, then the second derivative is of the form
The fuzzy integral of a fuzzy function f can be defined as:
The fuzzy convolution of fuzzy functions f : [0, ∞) → E and g : [0, ∞) → E are defined as follows:
The fuzzy fractional derivative of order β, for 0 ≤ β ≤ 1, in the Caputo sense, of a fuzzy function f can be defined by using Theorem 1. Let f :
In both cases:
The fuzzy fractional derivative of order β, for 1 ≤ β ≤ 2, in the Caputo sense, of a fuzzy function
can be considered as follows in the sense of Theorem 1:
In both cases,
The sequence of fuzzy numbers (see [8] ) u n (λ) = (u 1,n (λ), u 2,n (λ)) converges to the fuzzy number u(λ) = (u 1 (λ), u 2 (λ)) if and only if u 1,n (λ) → u 1 (λ) and u 2,n (λ) → u 2 (λ) converges uniformly for 0 ≤ λ ≤ 1. The convergence of fuzzy series ∞ k=0 u k (λ) to a fuzzy function u(λ) is also defined in [8] .
In that sense the functional fuzzy sequence
converges uniformly to the fuzzy function u(t, λ) = (u 1 (t, λ), u 2 (t, λ)) if and only if u 1,n (t, λ) converges uniformly to u 1 (t, λ) and u 2,n (t, λ) converges uniformly to u 2 (t, λ) converges uniformly for 0 ≤ λ ≤ 1, and t ∈ [0, T ].
The following relation for fuzzy series is true:
if and only if the sum 
The Mikusiński fuzzy calculus
In the paper [24] the Mikusiński fuzzy operators are introduced as follows:
Definition. The operational function denoted by a λ is a Mikusiński fuzzy operator, if there exists a Mikusiński operator q satisfying the equality:
where a is a continuous fuzzy function with a crisp variable t ≥ 0, and 0 ≤ λ ≤ 1.
The fuzzy Mikusiński operator a λ can be considered in parametric form as follows:
where a λ 1 , and a λ 2 are operational functions satisfying the relation ( [3] ):
for 0 ≤ λ ≤ 1 and t > 0. In the sense of fuzzy numbers, we can say that the form of a Mikusiński fuzzy operator, given by (3.12), represents its α cut.
The addition and substraction (Hukuhara differences) of fuzzy operators are given as in relation (2.5), but the multiplication and divisions are considered in the sense of the fuzzy convolution (2.10).
The fuzzy fractional differential operator s β , applied to a fuzzy number a λ = {a λ 1 , a λ 2 ), for 0 < β ≤ 1, can be defined by using Theorem 1 from [3] as follows:
(3.14)
Analogously, the operator s β applied to fuzzy operator a λ = {a λ 1 , a λ 2 ), for 1 ≤ β ≤ 2, is defined according to the definition of second fuzzy fractional derivative as follows:
(1) If a (t, λ) = (a 1 (t, λ), a 2 (t, λ)), and a (t, λ) = (a 1 (t, λ), a 2 (t, λ)), for t ∈ [a, b], 0 ≤ λ ≤ 1 then for 1 < β ≤ 2 we have: 2 (t, λ), a 1 (t, λ) ), and a (t, λ) = (a 2 (t, λ), a 1 (t, λ) ), for t ∈ [a, b], 0 ≤ λ ≤ 1, then for 1 < β ≤ 2 we have: 2 (t, λ), a 1 (t, λ) ), and a (t, λ) = (a 1 (t, λ), a 2 (t, λ) ), for t ∈ [a, b], 0 ≤ λ ≤ 1, then for 1 < β ≤ 2 we have: k . This series converges in the field of fuzzy Mikusiński operators (see [15] ) and represents a fuzzy continuous function:
In the Mikusiński calculus power series of operators are in common use, enabling easier analysis of the character of operators.
The operational solution of fuzzy fractional differential equations
In this section fuzzy fractional differential equations with fuzzy numbers given by relation (1.1), and the corresponding equations obtained in the fuzzy operational field are considered.
The fuzzy fractional differential equation (1.1)
with the initial conditions: 20) corresponds in the fuzzy operator equation
are fuzzy operators corresponding to the fuzzy functions x and f and fuzzy numbers A, x 0 and x 1 .
We use the definitions of different types of the first and second derivative, i.e. relations (3.14), (3.15), (3.16), (3.17) , (3.18) . For that purpose we consider fuzzy operators in parametric form:
. Then the operational equation (4.21) can be written as the following four systems of operational equations:
The solution of the first system of algebraic fuzzy operational equations (4.22) can be written in the form:
The solution of the fourth system of algebraic fuzzy operational equations (4.22) has the form:
The exact solution x λ = (x λ 1 , x λ 2 ), where = 1/s of the system of equations (4.23) can be transformed as:
The approximate solution of equation (4.21), considered as the approximate solution of the first system of equations in relation (4.22) , expressed by (4.23), is obtained from the expressions in (4.25), by taking finite M numbers of addends of infinite sum:
. The solution of the second and third system of algebraic fuzzy operational equations (4.22) can be determined similarly.
The character of the solution
In relations (4.23) and (4.26) the expressions β 2 and β 2 −β 1 represent continuous functions and therefore the exact and the approximate solution of the problem (1.1), (4.20) can be written as:
where * means convolution, * n means n−times applied convolution and
An Example
Let us consider the fuzzy fractional differential equations, for 1 < β 2 < 2, 0 < β 1 < 1, with fuzzy coefficient A:
and with the initial conditions
where x is a fuzzy function with crisp variable t,
The problem (5.28), (5.29) corresponds to the fuzzy operational equation: 
the equation (5.30) can be written as:
(5.31)
The exact solution of the first fuzzy algebraic system of operational equation expressed in (5.31) has the form:
(5.32)
The approximate solution of the first fuzzy algebraic system of operational equation expressed in (5.31) has the form:
(5.33)
On Figures 1, 2, 3 , 4, the approximate solutions are visualized by using the package GeoGebra, for different values of β 2 and β 1 , and for M = 7.
Acknowledgements
This paper is on the working program of bilateral project between Bulgarian and Serbian Academies of Sciences, "Mathematical modeling by means of integral transform methods, partial differential equations, special and generalized functions" and is also partly supported by the Serbian Ministry of Sciences and Environment Protection, within the Projects No. 144016 and 174022. 
